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Abst rac t - -We describe a locally one-dimensional (LOD) time integration scheme for the diffusion 
equation in two space dimensions: ut = u(uxx + uyy), based on the extended trapezoidal formula 
(ETF). The resulting LOD-ETF scheme is third order in time and is unconditionally stable. We 
describe the scheme for both Dirichlet and Neumann boundary conditions. We then extend the 
LOD-ETF scheme for nonlinear eaction-diffusion equations and for the convection-diffusion equation 
in two space dimensions. Numerical experiments are given to illustrate the obtained scheme and 
to compare its performance with the better-known LOD Crank-Nicolson scheme. While the LOD 
Crank-Nicolson scheme can give unwanted oscillations in the computed solution, our present LOD- 
ETF scheme provides both stable and accurate approximations for the true solution. © 2001 Elsevier 
Science Ltd. All rights reserved. 
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1. INTRODUCTION 
We consider the diffusion equation in two space dimensions 
subject o the initial condition 
u(z, y, 0) = f(x,  y), 
and the Dirichlet boundary conditions: 
~(o, y, t) = go(y, t), 
u(z, o, t) = ho(z, t), 
0<x<gx,  0<x<gv,  t>0,  (1.1) 
0<x<gx,  0<y<t?y ,  (1.1a) 
~(~,  y, t) = gl(y, t), 
u(z, ~y, t) hi(z, t), f 
t > 0. (1.1b) 
For a positive integer N, we consider the rectangular spatial grid (xi, yj), xi = iAx,  yj = jAy ,  
i , j  = O(1)N + 1, with spatial increments Ax = ~x/(N + 1), Ay = ~v/(N + 1), and let tn = nat ,  
0898-1221/01/$ - see front matter (~) 2001 Elsevier Science Ltd. All rights reserved. Typeset by .AA4S-TEX 
PII: S0898-1221 (01)00140-7 
158 M.M. CHAWLA AND M. A. AL-ZANAIDI 
n = 0, 1,. ~., for temporal increment At > 0. In the following, we set rx = vAt /Ax  2, r v = 
uAt /Ay  2, and un. . , j  = U(Xi, yj, tn), etc. 
The better-known LOD finite difference schemes for the diffusion equation in two space di- 
mensions are those which employ, for integration in time, the backward Euler formula and the 
classical trapezoidal formula; see, for example, [1-3]. The latter scheme, often called (after Crank 
and Nicolson [4]) the LOD Crank-Nicolson scheme, is described by the pair of equations 
( ) rx n+U2 = (1 + ~ ~2~ un.. (1.2a) 
(\i -- -~rY ~l) Un.+.l-= ( l  +rY  "2 'i,S " (1.2b) 
This scheme is second order in time and is unconditionally stable. A modification of scheme (1.2) 
which is fourth order in space is described by Mitchell and Griffiths [4]; their scheme mploys 
Numerov discretization for the spatial derivatives. 
Recently, Chawla and A1-Zanaidi [5] have described a third-order unconditionally stable time 
integration scheme for the diffusion equation in one space dimension based on the extended 
trapezoidal formula of Usmani and Agarwal [6]; see the Appendix in [5]. It may be noted here that 
an alternating direction implicit (ADI) implementation f the extended trapezoidal formula does 
not produce an unconditionally stable scheme for the diffusion equation in two space dimensions. 
In the present paper, we describe a locally one-dimensional (LOD) time integration scheme for 
the diffusion equation in two space dimensions (1.1) based on the extended trapezoidal formula 
(ETF). The resulting LOD-ETF scheme is third order in time and is unconditionally stable. We 
describe the scheme for both Dirichlet and Neumann boundary conditions. We then extend 
the LOD-ETF scheme for nonlinear eaction-diffusion equations and for the convection-diffusion 
equation in two space dimensions. Numerical experiments are given to illustrate the obtained 
scheme and to compare its performance with the better-known LOD Crank-Nicolson scheme. 
While the LOD Crank-Nicolson scheme can give unwanted oscillations in the computed solution, 
our present LOD-ETF scheme provides both stable and accurate approximations for the true 
solution. 
2. LOD EXTENDED TRAPEZOIDAL  FORMULA SCHEME 
Discretizing the spatial derivative in ut = 2vuxz by the central difference formula, we obtain 
for j = 1 , . . . ,N ,  
0 2u 
-~ uid(t) = ~x~x 2 [Ui+lj(t) - 2uid(t) + ui- l j(t)],  i = 1,. . . ,  N. (2.1) 
Let 
Ul,j(t) ] 
us( t )= , J=  
t UN,S (t) J 
_21 -I 
2 - i  
- I  2 -I 
-I 2 
Then using the boundary conditions, we can write system (2.1) as 
0 2v 
us(t ) = ~ {as(t ) - Ju j ( t )},  
as( t )  = -°it] 
UN+lj (t) J 
with the initial condition: uj (0) --- If(x1, y j ) , . . . ,  f(XN, yj)]T. 
Now, applying the extended trapezoidal formula (ETF) for the time integration of (2.2) from t~ 
to tn+l/2, we have 
fi~+l = ujn _ zrxauj" . n+1/2 + 2r~a~ +U2 (2.3) 
j = 1,. . . ,  N, (2.2) 
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and 
u:  : ujO _ + _ ,:,;,+,] 
r: [5a7 --I- 8a~ +1/2 -- a~ +1] (2.4) +]~ 
Substituting for fi~+l from (2.3) in (2.4), we obtain for j = 1,. . . ,  N, 
2 j l ( rx j )2 ]u ]+ l /2=[ i _ l rx j ]  n s + ~ rx + ~ ~ u s 
(2.5) 
5 rx [4I + rxJ] a~ -+1/2 rx an.+1 
(I denotes identity matrix). 
Again, discretizing the spatial derivative in ut = 21]uyy by the central difference formula, we 
obtain for i = 1,. . . ,  N, 
0 2v 
O--t Ui'j(t) = ~ [Ui ' j+l(t) -- 2Ui'j(t) "~ Ui'j--l(t)]' j = 1,..., g. (2.6) 
Now, let 
v~(t) = • , b i ( t )  = • 
L u~,N(t) J L Ui,N+l(t) 
Then using the boundary conditions, we can write system (2.6) as 
0 2v 
~-~ vi(t) = ~ (b/(t) - Jvi(t)}, i = 1,. . . ,  N. (2.7) 
with the initial condition vi(0) = [f(xi, Yl),..., f(xi, yg)] T 
Now applying the extended trapezoidal formula (ETF) for the time integration of (2.7) from 
tn+l /2  to in+l ,  we have 
*7  +3/2 =- V7 +1/2 -- 2ryJv7 +1 + 2ryb~ +1 (2.8) 
and 
v~lT1 = V~-I-1/2 ry j [5yn_ I_ 1/2 -t- 8v7 +1 - %r7"t-3/2 ] 
12 
rv [5b•+1/2 + 8br+ 1 _ br+3/2] (2.9) +~ 
Substituting for ~r~ +3/2 from (2.8) in (2.9), we obtain for i = 1,. . . ,  N, 
(2.10) 
5 r b n+1/2 ru [4I + ruJ] b~ +1 ru b~ +3/2. 
12 ~ +-6  12 
We call the scheme described by the pair of equations (2.5) and (2.10) a locally one-dimensional 
extended trapezoidal formula (LOD-ETF) scheme for the diffusion equation (1.1). 
Note that for the matrix of unknowns 
= U N T T T . . . . .  [V l ,  V2,  . V~/] U [ i,j]i,j= 1 [Ul, !12, UN] = .. , 
the scheme computes the column vectors uj for time level tn+l/2 by (2.5) followed by the com- 
putation of the row vectors v/m for time level t,~+l by (2.10). In each case, it involves the solution 
of a pentadiagonal linear system. 
Since the extended trapezoidal formula is third order in time, it is clear that each time-stage 
of the scheme, (2.5) followed by (2.10), and hence, the overall scheme from time level tn to t~+l 
is third order in time. 
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2.1. Stabi l i ty  of  the  LOD-ETF  Scheme 
We introduce 
2 j 1 1 
As=I+-~rs  +~(rx J )  2, Bx=I - -~r~J ,  
with A~,B u defined similarly. Then, for homogeneous boundary conditions, 
scheme described by (2.5) and (2.10) can be written as 
AsU n+l/2 = BsUn, 
AyU n+l = Buun+I/2, 
the LOD-ETF 
(2.11a) 
(2.115) 
and hence, 
Vn+ 1 =_ QU n, (2.12) 
where the amplification matrix Q is given by 
Q=(A;1Bu) (A ;1Bs) .  (2.13) 
The matrix J has N distinct and positive eigenvalues given by (see, for example, [7]), As = 
4sin2((sTr)/(2(N + 1))), s = 1 , . . . ,N .  For an eigenvalue A of J, setting setting as = Arz, the 
corresponding eigenvalue #s of A~ 1Bx is given by 
1 - (1/3) ax 
#z = 1 + (2/3) as + (1/6) a~" 
(2.14) 
It is easy to see that [#x] _< 1. Likewise for an eigenvalue #y of A~IB~, [/~y[ _ 1. If now # 
denotes an eigenvalue of Q, since all the matrices involved here commute and have the same set 
of eigenvectors, therefore, #= #s#~, and it follows that ]#[ _< 1. Hence, the LOD-ETF scheme is 
unconditionally stable. 
3. LOD-ETF  SCHEME FOR 
NEUMANN BOUNDARY CONDIT IONS 
There are several possibilities in which Neumann boundary conditions can be specified. To il- 
lustrate the extension of the above LOD-ETF scheme, we consider Neumann boundary conditions 
specified as follows. 
0 
~x u(O, y, t) = alu(O, y, t) - bl, 
(3.1) 
~x U(gx, y, t) = -a2u(gx, y, t) + b2, 
where al, bl, a2, b2 are nonnegative constants. For this case, it is helpful to  redefine the x-grid 
by xi = (i - 1)Ax, i = 1, . . . ,  N, where Ax = gs / (N - 1). We first consider discretization of the 
boundary condition along the line Xl = 0. Introducing the 'fictitious line' x = xo, and replacing 
the derivative by the central difference approximation, we have 
1 
2Ax [u2d(t) - u0j(t)] = alu l j ( t )  - bt. (3.2) 
With the help of (3.2), eliminating uoj(t) from the discretization equation (2.1) for i = 0, we 
obtain 
0 ul,~(t)= 2v 
O--t ~x  2 [2u2j - 2(1 + Axal)Ul j  + 2Axbl]. (3.3) 
In an analogous manner, for the boundary condition at x = ~x, we obtain 
• UN,j(t) = 21' [2UN-I,j -- 2(1 + Axa2)UN,j -~- 2Axb2]. (3.4) 
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Now, let 
M = 
2(1 +Aza l )  -2  
-1 2 -1 
-1 2 -1 
-2 2(1 + Axa2) 
2~Xbl 
C~ 
k 2Axb2 
Then, the spatial discretizations (3.3), (2.1) for i = 2(1)N - 1 and (3.4) can be written as 
0 2v {c - Mu s(t)}, 
us(t) = Az~ j = 1, . . . ,N.  (3.5) 
The second equation (2.7) remains the same as before. Now, applying the extended trapezoidal 
formula for the time integration of (3.5) from tn to tn+u2, we obtain 
fi~+l = uS n _ 2rxMu~.+l/2 + 2rxc (3.6) 
and 
, ,V  '/` " -  " :  M [hu~" + 8uV'/ ' - , : ,~'+']  +,-:<. = us 12 
Substituting for fiT+l from (3.6) in (3.7), we obtain for j -- 1, . . . ,N,  
(3.7) 
I+  -~ rx M + -~ -~ -~ (3.8) 
The pair of equations (3.8) and (2.10) describe the LOD-ETF scheme for the diffusion equa- 
tion (1.1) for the case of Neumann boundary conditions (3.1). 
4. LOD-ETF SCHEME FOR NONLINEAR 
REACTION-DIFFUS ION EQUATIONS 
We next extend the LOD-ETF scheme for nonlinear reaction-diffusion equations. 
0-7 ="  tb-~ + b-~y~) +p(u). (4.1) 
Discretizing the spatial derivative in ut = 2uuzx + 2p(u) by the central difference formula, and 
setting 
p(uj ( t )  ) = ~(~, l , s  ( t )  ), . . . , P(~'N,S ( t )  )] T, 
we obtain 
0 uj(t)= 2v 
0-'-t ~x  2 {aj(t) - Juj(t)} + 2p(uj(t)), j = 1,.. . ,  N. (4.2) 
Now, applying the extended trapezoidal formula for the time integration of (4.2) from tn to 
tn+l/2, we have 
,:,;+, _- u,: - ~,..u,o-:+',~ ÷ ~.:,:7 +',: + ~,,,,,> ( u 7 +',: ) (4.3) 
and 
o _ _ ~ [~a~ ÷ ~+1,~ _ a~+l]  u~ +1/~ ,.,;~ ~ a 
At ^n+l 
+ (us)+ (u , ) ]  
(4.4) 
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Substituting for hy+l from (4.3) in the linear part of (4.4), we obtain for j = 1,.. . ,  N, 
1 [,+2 , = [, 
-I-~5 rxa~ -I- -6-rx [4I -I- rxJ]a~. +112 -1-2r= aT+l 
+ _T~ p (uT) + _~ 5 A t  At [4I + rxJlp (u7 +1/2) 
At /fin+l~ 
12Pt  J ]" 
(4.5) 
Again, discretizing the spatial derivative in ut --- 2VUyy +2p(u) by the central difference formula, 
and setting 
p (Vi(t)) = [p(~ti, I ( t ) ) , . . . ,p (u i ,N( t ) ) ]T ,  
we obtain 
0 v~(t)= 2v ~y2 {bi(t) - Jv~(t)} + 2p(vi(t)), i = 1,.. . ,  N. (4.6) 
Applying the extended trapezoidal formula for the time integration of (4.6) from tn+l/2 to tn+l, 
we have 
9n+3/2 = v7+1/2 _ 2ruJvn+l + 2ryb~+l + 2Atp (v n+l) (4.7) 
and 
V7+1 ----- V7+1/2 ry j [5v7+1/2 -t- 8v7 +1-  V7 "I-3/2] 
12 
+ ~r~ [5b~ ÷'i~ + 8b: ~+' - b~ +~i~] (4.8) 
At 
b, + (vr') - ,  
Substituting for ,~+3/2 from (4.7) in the linear part of (4.8), we obtain i = 1,.. . ,  N, 
1 
I+  -~ryg + -~ 
+ -~ ryb~ +1/2 + (4I + ryJ)b'~ +1 ru12 b~+3/2 
(4.9) 
5At (v7+,/2) + At + ~ P T (4s + r.J)p (v7 +1) 
12 
The pair of equations (4.5) and (4.9) describes the LOD-ETF scheme for the nonlinear reaction- 
diffusion equation (4.1). The nonlinear system in each case can be solved by Newton's method 
by taking, for example, as initial approximation the value of the solution at the previous time 
level. Note that the Jacobian of the system in each case is pentadiagonal. 
5. LOD-ETF  SCHEME FOR THE 
CONVECTION-DIFFUSION EQUATION 
We next consider an extension of the extended trapezoidal formula scheme for the convection- 
diffusion equation in two space dimensions: 
ou Ou au (o~u o~ (5.1) 
0-7 + cl ~ + c: ~ =.  \ ox~ + ou 2 ) '  
with initial and boundary conditions given in (1.1a) and (1.1b). Extension of the scheme presented 
below for the case of Neumann boundary conditions can be done as indicated in Section 3 above. 
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Before we describe the finite difference scheme, it might be of interest to note here that through 
the transformation 
(1  ) ( 1  ) 
v(x,y,t)=exp ~v (ClX+c2y) exp -~v  (c2 +c~)t u(x,y,t), (5.2) 
the convection-diffusion equation (5.1), given in v, can be transformed into the (pure) diffusion 
equation: ut = v(uxx+Uyy). Together with the correspondingly transformed initial condition and 
the boundary conditions, the equation can thus be integrated by the LOD-ETF scheme described 
in Section 2. 
We now proceed to describe an extended trapezoidal scheme for the direction integration of 
the convection-diffusion equation (5.1). Discretizing the spatial derivative in ut + 2cl ux = 2vuxz 
by the central difference formula, we obtain for j -- 1 , . . . ,  N: 
0 cl 2v 
O--t Ui'j(t) "~- --~X [Ui~-l'J -- Ui--l'J] "~- ~ [Ui+l,j(t) - -  2Ui,j(t) -k Ui-l,j(t)], (5.3) 
i = 1,...,N. 
Now, let 
1 01 -1 0 1 
bj(t) = • , B = 
-1  
L-UN+lj(t) J
Then using the boundary conditions, we can write system (5.3) as 
0 1 
-1  0 
O u j ( t )=  2v cl {b j -Bu j} ,  j= l ,  N. (5.4) 
0-t ~ {aj(t) - Juj(t)} + ~xx " " '  
Now, applying the extended trapezoidal formula for the time integration of (5.4) from tn to 
tn+l/2, we have 
~+1 ~-2C u ~+1/2 2c~ +1/2 • = u s x j + (5 .5 )  
and 
(5.6) 
+]~ - , 
where we have set Px = Cl At/Ax, and 
cj(t) = rxaj(t) + -~-bj(t), Cx=rxJ + ~ B. 
Substituting for fi~+l from (5.5) in (5.6), we obtain for j = 1, . . . ,  N, 
(5.7) 
C lc nT1/2 1 c3+1 5 c~ + 1 [4I + . 
+~ ~ xj j 12 
Again, discretizing the spatial derivative in ut+2c2u~ = 2vuyy by the central difference formula, 
we have i = 1 , . . . ,N ,  
0 c2 2v 
-~ Ui,j(t) -k ~yy [Ui,j+l -- Ui,j-1] -~ ~ [Ui,j+l(t) -- 2Ui,j(t) -~ Ui, j - l ( t ) ] ,  (5.8) 
j = 1,...,N. 
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Let now [ ~,i(t) ~,0(t) 
0 
di(t) = • , e~(t) = 
0 
C u~,N+l(t) -ui,N+l(t) 
Then using the boundary conditions, we can write system 5.8) as 
0 2v c2 
~-~ v,(t) = ~y~y2 {di(t) - Jv,(t)} + ~yy {e, - Bvi}, i = 1 , . . . ,  g .  (5.9) 
Applying the extended trapezoidal formula for the time integration of (5.9) from tn+l/2 to tn+'l, 
we have 
and 
e7,+3/2 = vT+~/2 _ 2Q, vT+' + 2f n+l (5.10) 
where we have set 
a~ = 4rx sin2 (~) ,  b~=pxsin(~x), zx=-a~+vfL-Tbx. 
Now, writing the scheme (5.7) in scalar form, and applying it to the Fourier mode (5.13), in 
view of (5.14), we obtain 
~n+l/2 ~- Sx~tn, (5.15) 
where the symbol of the scheme s~ is given by 
1 + (1/3) zx (5.16) 
sx : 1 -- (2/3) z~ + (1/6) z~" 
Noting that Re(zx) < 0, it can be shown that Is~l <_ 1. In a similar manner, for the symbol s~ of 
the scheme (5.12), Isyl < 1. It follows that the LOD-ETF scheme described by (5.7) and (5.12) 
for the convection-diffusion equation (5.1) is unconditionally stable. 
V7+i = V?+I/2 i 8vT_F1 ~7+3/2 ] - 1-~ c~ [5v7 ÷I/~ + • - (5.11) 
+~ 
where we have set py -- c2At/Ay, and 
fi(t) = rydi(t) + -~ ei(t), Cy = ryJ + -~ B. 
Substituting for ~,~+3/2 from (5.10) in (5.11), we obtain for / = 1, . . . ,  N, 
(5.12) 
5 1 [4I + %] f~+l 1 
+ f~+1/2 + 6 - 1-2 f:+3/2. 
Equations (5.7) and (5.12) describe the LOD-ETF scheme for the convection-diffusion equation 
(5.1). 
5.1. Stabi l i ty  of  the  LOD-ETF  Scheme 
Let 6x, Ax, and Vx denote, respectively, central, forward, and backward ifferences. Then, it 
is easy to see the correspondence 
cx -~ -~  + ~ 
Consider the Fourier mode 
u~,j = ~n exp (vfL-~ (~xi + l~yyj)) , #x, #~ .>0. (5.13) 
It then follows that - 
C,u~,j --* -zxu~d, (5.14) 
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6. NUMERICAL EXPERIMENTS 
We next consider four test problems to assess the computational performance of the obtained 
LOD-ETF schemes for the diffusion equation with Dirichlet and Neumann boundary conditions, 
for a nonlinear reaction-diffusion equation and for the convection-diffusion equation. In each 
case, we compare its performance with the LOD Crank-Nicolson (LOD-CN) scheme. For all the 
computations reported in the following, we choose N = 19. 
PROBLEM 1. We consider the diffision equation 
a iA d2u 
-u=-g+ayz, 
at 
0 G 2, y Q 1, t B 0, (6.la) 
with the initial condition 
21(5, y, 0) = sin(?rz) sin(27ry), 
with the Dirichlet boundary conditions 
46, Y, t) = 0, 4,?/,t) = 0, 
u(z,o,t) = 0, u(z, 1,t) = 0. 
The exact solution is given by 
(6.lb) 
(6.1~) 
4~ Y, t) = e -5nzt sin(7rz) sin(27ry). (6.ld) 
We solved problem (6.1) with At = 0.1; the maximum absolute errors in the computed solution 
by the LOD-CN scheme and by the LOD-ETF scheme for different times are shown in Table 1. 
From the table, it is clear that the LOD-ETF scheme provides much better accuracy for the 
computed solution. 
Table 1. Maximum absolute errors. 
ok 
Y 
1.0 
Figure 1. Problem 1. 
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0.3 
l .x.ot l Ul/  -+-  LoDo.  
0.2 
0.1 
0.0 
-0.1 I x=l/2 
0.0 0:5 1:0 Y 
Figure 2. Problem 2. 
Table 2. Maximum absolute rrors. 
t LOD-CN LOD-ETF 
0.5 4.2(-1) 9.1(-3) 
1.0 2.8(-1) 6.6(-5) 
1.5 2.0(-1) 4.7(-7) 
2.0 1.5(-1) 3.4(-9) 
Table 3. Maximum absolute rrors. 
t LOD-CN LOD-ETF 
8 3.1(-2) 1.2(-2) 
12 3.0(-2) 6.7(-4) 
16 2.5(-2) 9.2(-5) 
20 2.1(-2) 1.2(-5) 
In Figure 1, we show these approximations for the section x = 1/2 for time t = 0.2; while the 
LOD-CN approximations oscillate widely, the LOD-ETF  approximations give a much better idea 
of the true solution at this time. 
PROBLEM 2. We consider the initial-boundary value problem 
with the initial condition 
Ou 02u 02u 
- - + - -  O < x,y  < l, t .> O, (6.2a) 
Ot Ox 2 Oy 2' 
with mixed boundary conditions 
u(x, y, 0) = 1, (6.2b) 
o ~(0,y,t)  0, 
0x 
u(x, 0, t) = 0, 
The exact solution is given (see [8]) by 
u(x,  y, t) = _4 1 
r 2n -  1 
n=l  
o 
u(1, y, t) = 0, 
u(x, 1, t) = 0. 
- -  e -(2n-1)2~2~t sin((2n - 1)lry). 
(6.2c) 
(6.2d) 
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1.00 
u 
0.9g 
0.98 1
x=l/2 
0.0 0'.5 t'.0 Y 
Figure 3. Problem 3. '~' 
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0.20" 
0.15 
0.10 
0.05 
0.0 
[] exact 
• t=0.4 ~ 
0.5 1.0 Y 
Figure 4. Problem 4. 
We solved problem (6.2) with At = 0.1; the maximum absolute errors in the approximations 
provided by the LOD-CN scheme and the LOD-ETF scheme are shown in Table 2; it is clear 
that the LOD-ETF scheme provides much superior approximations for the true solution. 
In Figure 2, we show these approximations for the section x = 1/2 for time t -- 1.0; while the 
LOD-CN approximations have wild oscillations, LOD-ETF approximations give almost an exact 
solution at this time. 
PROBLEM 3. We consider the nonlinear eaction-diffusion equation 
c0--~=5 kOx2-}-Oy2]-{-u2(1 u), O<x,y,~l, t.>O, (6.3a) 
with the initial condition and the boundary conditions taken to be consistent with the exact 
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/ 
solution (see [9]) 
1 1 
u(x, y, t) = 1 + eP( x+y-pt)' p = ~.  (6.3b) 
We computed the solution of problem (6.3) with At = 4; the maximum absolute errors in 
the approximations provided by the LOD-CN scheme and the LOD-ETF scheme are shown in 
Table 3. Note that with increasing time, there is a marked improvement in the accuracy of the 
approximations provided by the LOD-ETF scheme. 
In Figure 3, we show these approximations for the section x -- 1/2 for time t -- 20. The LOD- 
CN approximations suffer wild oscillations whereas the LOD-ETF approximations are right on 
the spot. 
PROBLEM 4. We consider the convection-diffusion equation 
Ou 1 (Ou Ou) 1 (02u 02u~ 
0- ;+2 ' t.>0, (6.441 
with the initial condition and the boundary conditions taken to be consistent with the exact 
solution (see [9]) 
1 
u(x, y, t) = ~ exp ( -50(x + y - t)2/s) ,  s = 1 + 200t. (6.4b) 
We computed the solution of problem (6.4) with At = 0.2; the maximum absolute errors in 
the approximations provided by the LOD-CN scheme and the LOD-ETF scheme are shown in 
Table 4. Right from the beginning, the LOD-ETF scheme provides much better accuracy which 
improves with increasing time. 
Table 4. Maximum absolute rrors. 
t LOD-CN LOD-ETF 
0.2 2.4(-1) 7.5(-3) 
0.4 1.1(-1) 9.1(-4) 
0.6 6.8(-2) 1.8(--4) 
0.8 3.7(-2) 6.2(-5) 
In Figure 4 we show these approximations for the section x = 1/2 for time t = 0.4. The LOD- 
CN approximations have large oscillations in the first-half of the y-interval, while the LOD-ETF 
gives a consistently satisfactory approximation for the true solution. 
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